Abstract. We show that if the connected sum of two knots with coprime Alexander polynomials is doubly slice, then the Ozsváth-Szabó correction terms as smooth double sliceness obstructions vanish for both knots. Recently, Jeffrey Meier gave smoothly slice knots that are topologically doubly slice, but not smoothly doubly slice. As an application, we give a new example of such knots that is distinct from Meier's knots modulo doubly slice knots.
Introduction
A knot K in the 3-sphere S 3 is doubly slice if there is a smoothly embedded and unknotted 2-sphere S in the 4-sphere S 4 which transversely intersects the standard S 3 in S 4 at K. If we allow S to be a topologically locally flat embedded and unknotted 2-sphere, then K is called topologically doubly slice. A knot is slice if it bounds a smoothly embedded disk in the 4-ball D 4 . Obviously a doubly slice knot is slice. There have been known results on splittings of sliceness obstructions for knots with coprime Alexander polynomials. Let K 1 and K 2 be knots and K := K 1 #K 2 , their connected sum. Suppose K 1 and K 2 have coprime Alexander polynomials. Under this hypothesis, Levine [Lev69] showed that if K is algebraically slice, then all K i are algebraically slice, giving p(t)-primary decomposition of the algebraic concordance group. The first author [Kim05] showed that if K has vanishing Casson-Gordon invariants, then so do all K i . The authors [KK08] showed that if K has vanishing metabelian von NeumannCheeger-Gromov ρ (2) -invariants, then so do all K i . Later the authors [KK14] extended the result in [KK08] using higher-order ρ (2) -invariants, and gave a knot which has vanishing Casson-Gordon invariants and has concordance genus greater than 1. We note that Cochran-Harvey-Leidy's work in [CHL11] gave evidence of the p(t)-primary decomposition of the solvable filtration of Cochran-Orr-Teichner in [COT03] which would extend Levine's p(t)-primary decomposition of the algebraic concordance group in [Lev69] . For a knot K and a prime power q = p r , we denote by Σ q (K) the q-fold branched cover of S 3 over K. It is known that H 1 (Σ q (K)) acts freely and transitively on Spin c (Σ q (K)). We denote by s + a the element obtained by the action of a ∈ H 1 (Σ
be the canonical Spin c structure of (K, q) (see Section 2.2), and for each a ∈ H 1 (Σ q (K)) definē
We say that a knot K has vanishing d-invariants on Σ q (K) if there exists a metabolizer G for the linking form We note that there are knots K 1 and K 2 such that their Alexander polynomials are coprime, but H 1 (Σ q (K 1 )) and H 1 (Σ q (K 2 )) have the same order for all prime power q [Kim09] . For these knots the previous theorem is necessary to see that d-invariants split. Theorem 1.2 can be considered as an extension of [Bao15, Theorem 1.1] to the case of double sliceness, and can be proved using Seifert forms similarly as done by Bao for the case of sliceness. However we prove it using Blanchfield forms, which, we think, is a simpler way. Unlike Bao's theorem, we do not need any finiteness condition on primes p for double sliceness. A crucial distinction between doubly slice knots and slice knots is that a doubly slice knot bounds two slice disks D ± such that D + ∪ D − is an unknotted 2-sphere in S 4 , and therefore
See the proof of Theorem 1.2 for details.
Meier [Mei15] gave an infinite family of slice knots
) for odd primes p that are topologically doubly slice, but not doubly slice. As an application of our main theorem, we give another example of a slice knot K distinct from all K p , modulo double sliceness, that is topologically doubly slice, but not doubly slice. Explictly, let T be the positive untwisted Whitehead double of the right-handed trefoil and let K be the knot given in Figure 1 . Namely, K is a satellite of T with pattern the 9 46 knot. We have the following theorem. Theorem 1.3. Let K be the knot in Figure 1 . Let n, n i ∈ Z and let p i be odd primes.
(1) The knot K is slice, topologically doubly slice, but not doubly slice. Indeed, K does not have doubly vanishing d-invariants.. (2) Suppose n = 1 or n i = 1 for some i. Then, the knot nK#(# m i=1 n i K pi ) is not doubly slice. In particular, K#(−K pi ) is not doubly slice for all p i . This paper is organized as follows. We give the background material on Blachfield forms, linking forms, and the correction terms in Section 2. We prove Theorems 1.2 and 1.3 in Section 3. 
Preliminaries

Blanchfield forms and linking forms
For a knot K, let M (K) denote the zero framed surgery on
as Λ-modules, and there is a nonsingular hermitian sesquilinear form
We say that P is a metabolizer for the Blanchfield form if
We have the following well-known proposition, for example see [Fri03, Proposition 2.7].
Proposition 2.1. Let K be a slice knot and (X(D) ; Λ)}is a metabolizer for the Blanchfield form, where i * is the homomorphism induced from the inclusion.
Recall that for a prime power q we let Σ q (K) denote the q-fold branched cyclic cover of S 3 over K. Then Σ q (K) is a rational homology 3-sphere and there is a nonsingular linking form λ q :
We say that P is a metabolizer for λ q if P = P ⊥ . If P is a metabolizer, we have
and we say that P is a Λ-metabolizer if P = P ⊥ and P is a Λ-submodule of H 1 (Σ q (K)
} is a Λ-metabolizer for the linking form λ q .
We relate Blanchfield forms to linking forms. Define
to be the projection map.
is a metabolizer for the Blanchfield form on H 1 (M (K); Λ), then the submodule π
Spin c structures and correction terms
Let s 0 ∈ Spin c (Σ q (K)) be the canonical Spin c structure of (K, q) defined as follows: let f : Σ q (K) → S 3 be the branched covering map and let K := f −1 (K). Then s 0 is defined to be the unique Spin c structure whose restriction to Σ q (K) N (K ) is the pull-back f * (s) of the unique Spin c structure s on S 3 N (K). Here N (K ) and N (K) denote the open tubular neighborhoods of K and K, respectively. We note that the Spin c structure s 0 is equal to the Spin c structure given in [GRS08, Lemma 2.1] (see [Jab12, Remark 2.5]). For more details, refer to [Jab12, Section 2]. Now using s 0 we can identify H 1 (Σ q (K)) with Spin c (Σ q (K)) via the map a → s 0 + a for a ∈ H 1 (Σ q (K)). With the canonical Spin c structure s 0 ∈ Spin c (Σ q (K)), we have the following sliceness obstruction.
Theorem 2.4 ([GRS08]). Let q be a prime power. Suppose that a knot
)} where i * is the homomorphism induced from the inclusion. In particular, if K is slice, then d(Σ q (K), s 0 ) = 0 and moreover there is a Λ-metabolizer
As obstructions for a knot to being doubly slice, we have the following theorem.
Theorem 2.5 ([Mei15, Theorem 2.2])
. Let q be a prime power. If K is a doubly slice knot, then
In particular, K has doubly vanishing d-invariants.
Proofs of Theorems 1.2 and 1.3
First we give a proof of Theorem 1.2.
Proof of Theorem 1.2. Let q be a prime power, and K := K 1 #K 2 . Since K is doubly slice, K = S ∩ S 3 where S is an unknotted 2-sphere in S 4 which transversely intersects S 3 , where S 3 is the standard 3-sphere in S 4 . We regard
− , a union of two 4-balls, such that ∂D
We need the following lemma, of which proof will be given later. Let W + (resp. W − ) be the q-fold cyclic cover of
Therefore we have the following commutative diagram:
In the above diagram, j ± are homomorphisms induced from inclusions, and f * and g * are the canonical surjections sending a Λ-module to its quotient by t q − 1.
) as Λ-modules and f * preserves the direct sums, we have
Similarly, G is a metabolizer for the linking form on 
− . Therefore K 1 has doubly vanishing d-invariants. Using similar arguments, one can show that K 2 also has doubly vanishing d-invariants.
Next, we give a proof of Lemma 3.1. 
Let c be an integer such that cf 1 , cf 2 ∈ Λ, and let f 1 := cf 1 and f 2 := cf 2 . Then we have Proof of Theorem 1.3. We prove Part (1). The knot K is slice since there is a surgery curve for a slice disk on the left band of the obvious Seifert surface for K. Recall that K is a satellite of T with pattern the 9 46 knot. It is known that 9 46 is doubly slice, and since ∆ T (t) = 1, T is topologically doubly slice by Freedman's work. Now K is a satellite of a topologically doubly slice knot whose pattern is doubly slice, and therefore K is topologically doubly slice (see [Mei15, Proposition 3.4 
]).
We show that K is not doubly slice. The needed computation is already done in [CHH13] . Our knot K is the same as the knot K = R(J, T ) in [CHH13, Figure 8 .1] with the choice J = U , the unknot. As computed in [CHH13, Section 8], for the 3-fold branched cyclic cover of S 3 over K, one can show that H 1 (Σ 3 (K)) ∼ = Z 7 x 1 ⊕ Z 7 y 1 and the linking form on H 1 (Σ 3 (K)) has only two metabolizers x 1 and y 1 . In the proof of Lemma 8.2 in [CHH13] , it is assumed that K = R(U, T ), which is the same as our K, and it is computed that d(Σ 3 (K), s 0 + 4x 2 ) ≤ − 3 2 for the element x 2 such that 4x 2 = x 1 . Since the linking form on H 1 (Σ 3 (K)) has only two metabolizers x 1 and y 1 , it follows that K does not have doubly vanishing d-invariants. In particular, by Theorem 2.5, K is not doubly slice.
We prove Part (2). Since each K pi has the same Alexander polynomial with T 2,pi #T 2,−pi , we have ∆ Kp i (t) = φ 2 2pi where φ q denotes the q-th cyclotomic polynomial. Also note that ∆ K (t) = (2t − 1)(t − 2). Therefore all nK and n i K pi have mutually coprime Alexander polynomials.
Suppose n = 1. By Part (1), the knot K does not have doubly vanishing d-invariants. Therefore by Theorem 1.2 the knot K#(# 
